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1 Technical Preliminaries

1.1 First-Order Languages

A first-order language .Z is a set of formulae, that is, strings of symbols from a certain vocabulary
V¢, combined in a particular way, to be specified.

1.1.1 Vocabulary of .¥

The vocabulary Vg of .Z is a finite set containing
e Individual variables: x1,22,...,%p,...
e Logical symbols: =, —,V, =
e Auxiliary symbols: (, ), ,

plus some of the following:

e Individual constants: c1,co,...,Cp, ...
: L fl ol 1 2 f2 2 )
e Function symbols: fi, fo,..o, fus-- s fisfos - s fay e s fIS 0 o fI
3 = 1 1 1 2 2 2 m m m
e Relation symbols: =, Ry, R5,...,R,,...,R{,R5,...,R;,...,R",R3",..., R}, ...

1.1.2 Terms of ¥

We define the class of terms of £ recursively as follows:
e Individual constants in V¢ are terms of .Z.
e Individual variables are terms of .Z.
o If t1,...,t, are terms of £ and f]* € Vg, then fI(t1,...,t,) is a term of .Z.

e Only strings of symbols obtained applying the previous clauses a finite number of times
are terms of .Z.

Closed terms are those in which no variables occur.



1.1.3 Formulae of .

We define the class of formulae (wff) of £ recursively as follows:
e If s,¢ are terms of ., then s = ¢ is a(n atomic) wif of Z.
o If ty,...,t, are terms of £ and R} € Vi, then R} (t1,...,t,) is a(n atomic) wif of Z.
o If pis a wif of &, then —¢p is a wif of Z.

If o and ¢ are wif of £, then (¢ A ) is a wif of Z.

If v is a wif of Z and v an individual variable, then Yvp is a wff of Z.

Only strings of symbols obtained the previous clauses a finite number of times are wff of

Z.

Sentences of £ are wif in which every individual variable v that occurs in them occurs under
the scope of Vv. That is, there are no free (unbound) variables in sentences.

The following formulae on the left abbreviate the respective formulae on the right:
e sEt:=ns=1t;
* p AP i=(p = —);
* pVhi= o =
e v i=(p 2> Y)A (Y = 9);
o Jup 1= Yoy
Fop(v) := Fv(p(v) AVulp(u) = u =v)).

Let Z[ result form .Z by removing all formulae containing variables, free or bound.

1.1.4 The Language of Peano Arithmetic

Zpa’s non-logical symbols are the individual constant 0, the unary function symbol S, and the
binary function symbols + and x.

Let .Z be any first-order language. %pa contains a name "¢’ for each expression € of £, via an
effective and monotonic coding of expressions of . with numbers.

1.1.5 The Language of Real Analysis

Zra’s non-logical symbols are the individual constants 0 and 1, the binary function symbols +
and x, and the binary relation symbol <.

1.1.6 The Language of Zermelo-Fraenkel Set Theory

Z7¢F’s non-logical symbols are the binary relation symbol € (primitive) and the individual
constant @. Zzr will be the metalanguage for all the truth definitions introduced here.

Z7F also contains a name "¢' for each expression € of every first-order language . via an
effective and monotonic coding of expressions of . with sets. Additionally, Z7¢ has formulae



(on the left) defining the following properties and functions (on the right)ﬂ

Var(v) := v is an individual variable
Termge(v) := v is a term of &
CTermy(v) := v is a closed term of .Z
Formg(v) :=vis a wif of ¥

Sentg(v) := v is a sentence of .Z
u~v := the concatenation of expressions u and v
s(u,v,w) :=the result of substituting all free occurrences of variable v in formula u

with term w, if w is free for v in u.

In .Z7F we can also define what it means to be relation, a function (both set-theoretic entities),
and many specific relations and functions.

1.2 Proof-Theory for First-Order Languages
1.2.1 A Calculus for First-Order Logic

We introduce the Hilbert-style calculus FOL=. Let ¢, 1, x be formulae of a first-order language,
t a term, and v a variable.

The axioms of FOL™ are given by all instances of the following schemata:
Al o= (¥ = o)

A2 (p = (b= x)) = (g = ¥) = (¢ = X))

A3 (np = ) = (0 )

A4 Yvp — p[t/v], if tis free for v in ¢.

=l1Vrxzx==x

=2 VaVy(x =y — (e(x) = ¢(y))), if y is free for x in ¢.

FOL= also consists of the following rules of inference:

Rl (Modus Ponens) _pzY (Generalisation)
P p = Yoy

if v is not free in ¢ of in a premise.

1.2.2 Proof-Theoretic Validity in FOL=

Let .Z be a first-order language, ¢ € .Z, and I' C Z. ¢ is a proof-theoretic consequence of I in
FOL= (Tt ¢) iff there is a sequence of wff of .Z s.t. each member is either an axiom of FOL=,
or a member of I'; or was obtained by one of the rules of inference of FOL= from previous
members of the sequence, and the last one is .

If T is empty, ¢ is a logical theorem (F ).

1

INote that, given any two expressions €1 and ez of £, Te;'~eg T

€1€2 .



1.2.3 Theories in FOL=

A theory in FOL™ is a set of formulae of a first-order language %, closed under proof-theoretic
consequence in FOL= (i.e. if ¢ is a proof-theoretic consequence of some members of the theory,
¢ is also a member of the theory).

1.2.4 Peano Arithmetic

PA C %a in FOL™ consists of the following axioms:

PA1 Va(Sz # 0)

PA2 VaVy(Sx = Sy >z =1y)

PA3 Vz(x 4+ 0= 1)

PA4 VaVy(z + Sy = S(z +v))

PA5 Vz(z x 0=0)

PA6 VaVy(x x Sy =2x x y+ x)

Induction schema. ¢(0) A Vz(po(x) = ¢(Sx)) = Vrp(z)

Theorem 1 (Diagonalisation). For every ¢(x) € ZLpa there is a 1 € Lpa s.t.
PAF (") ¢ ¢

1.2.5 Real Analysis

RA C Zga in FOL= consists of the following axioms:
RA1 VaVyVe((z +y) +2=a+ (y + 2))

RA2 VaVy(z +y =y + x)

RA3 JaVy(z +y =x)

Def. of 0. Vz(z =0+ Vy(y + = =y))

RA4 Vady(z +y = 0)

RAS5 VaVyVz((z x y) X z =2 X (y X 2))

RA6 VaVy(z x y =y X x)

RAT JaVy(y x x = y)

Def. of 1. Vz(z =1+ Vy(y X © = y))

RAS8 Vz(x #0 — Jy(x xy = 1))

RA9 VavVyVz((z +y) X 2 = (x X 2) + (y X 2))
RA10 Vz(z <0Vz=0V0<ax))

RA11 VaVy(0 <z A0<y—=0<z4+yA0<zXxy)
RA12 VaVyVz(z <y sz +y<y+z)

Completeness schema. Jzp(z)AJxVy(p(y) >y <zVy=z) — Jx(Vylply) 2y <zVy=
) AVz(My(ply) =y <zVy=z) =2 <2))



1.2.6 Zermelo-Fraenkel Set Theory

ZF C %%F in FOL™ consists of the following axioms and definitons:
Separation schema. Vz;...Vz,Vy3zVw(w € z ¢ w € y A p(w, x1,...,2y))
Extensionality. VaVy(Vz(z €z ¢ 2z € y) >z =y)

Empty set. dJaVy—y € x

Def. of @. Vz(r = @ < Vy—y € 1)

Pairing. VaVy3zVw(w € z - w =z Vw =y)

Union. Vx3yVz(z € y <> Jw(w € Az € w))

Power set. VoIyVz(z € y «» Yw(w € z = w € x))

Infinity. 32(2@ € 2 AVy(y € z — {y} € z))

Replacement schema. Vo (Vy(y €  — lzp(y, 2)) — IyVz(z € y ¢ Jw(w € x A p(w, 2))))
Foundation. Vz(z # @ — Jy(y € A =3z(2 € y A z € 1))

Induction schema. Va(Vy(y €  — ¢(y)) = ©(z)) = Vop(x)

where p({t1,...,t,}) abbreviates (v) AVu(u € v u=1%V---Vu=ty).

1.3 Tarski’s Undefinability Theorem

Theorem 2. Let £ be a first-order language containing a term "p' denoting each sentence
p €%, and let Th C & be s.t., for every p(x) € &, there is a v € L s.t. ThE () < .
If Th is consistent, there is no 7(x) € £ s.t., for every o,

ThE7("") + .

No theory in FOL= formulated in a language that contains names for its own expressions, in
which a version of diagonalisation holds, can have a formula expressing its truth for its own
formulae. As a consequence, a truth definition for a language, the object language, must always
be carried in a theory, the metatheory, formulated in different language, the metalanguage. The
metalanguage must be essentially richer than the object language.

2 Tarskian Truth

In this section we provide increasingly complex examples of Tarskian definitions of truth for
several first-order languages, our object languages, in expansions of ZF, our metalanguages.
These definitions are all of a recursive nature.



2.1 Truth for a restricted set-theoretic language

We define truth for Zz¢| in ZF, as follows:
Top(z) gef (z="0=0""NB=20)V(x="0c T NTED)V
Hy(sentiﬂzﬂ(y) ANz =T=al~y A ﬁCZ—L"fZFT(y)) v
ayaz(sentszf(y) A SenthF[(z) Nx = I—(—If\yr\l—/\—lr\zﬁl—)j A TfZFf(y) A Tﬁszf(z)))

Proposition 3. The following are theorems of ZF:

o Ty 1 ("@") <> o, for every sentence ¢ € L7 |

o Vr(Ty,(x) = Sentg,(x))
Proof. The proof of the first claim is by induction on the complexity of ¢. If ¢ is atomic, then
it is of the form @ = @ or @ € &. For the first case, we reason as follows:

1. Ty ("o =27) assumption

2. (B=0'=B=0'"0=0)V(B=0"=BeTANDED) V
3y<S€nthF[(y) NG =g ="~y A ﬂTLZZFT(Q)) \
JyFz(Sent g, (y) ASent 2,1 (2) NTO = @1 = T ~y~TA ~ 2~ AT w1 (y) ATz, 1 (2)) Def.

T, 1
3. ' 0=2"=T0="No =09 ZF, 2
4. o =0 3
5. To(@0=0") -2 =0 1-4
and
1. o=0 assumption
2. " 0=0"=Tg=0'Ng=0 =1,1

3. (=0'=To=0'ANo=0)V(0=0"=0cATcED) V
Ely(sentfzﬁ(y) NG =g ="~y A _‘Tﬁfzﬂ(y)) \
Hyaz(sentfzﬂ(y) A Sentfzﬂ(z) NG =G =T(1~y~TN~zA~TTA TfZFf(y) A szFF(Z)) 2
4. TgZF[(’_Q = @1) Def. szﬁ’ 3
5. =0 = To(@=02") 1-4
The case for @ € @ is analogous. Try to prove it!
For the inductive step, assume T, ("p") <> ¢ for every sentence ¢ of complexity less than n
(the inductive hypothesis), and let 1) be of complexity n. 1 is either a negation of a conjunction.

If the former is the case, there is a sentence x s.t. ¢ is =x. Thus, x is of complexity n — 1.
Thus, by inductive hypothesis, we have that T'e, ("X") <> x. We then reason as follows:

1. T () assumption
2. (P ="@=N@=02)V (W' =BcTANTED) V

Hy(Sent:Z’ZFf(y) NPT =T=T~y A _‘TZZFF(y)) N
Hyaz(sentofzﬁ(y) N Sent &, T(Z) NPt = r(_"\y’\r/\—l’\zf\r)—l A TO?ZFF(y) A TZZF[(Z)) Def.

Ty, 1
3. Hy(sentfzrrf(y) APt =T=l~y A jTLE?ZFF(Z/)) ZF, 2
4. _‘TEZFT(FX_‘) ZF, 3



5. - XE| inductive hypothesis

6. Top (W) = ¢ 1-5
and

L9 assumption
2. T ("X inductive hypothesis, 1
3. Jy(Sent e (y) NPT ="~y A T (y)) ZF, 2
4. W=To=0'ANg=0)V(W'=0cd ANTeED) V

Jy(Sent g1 (y) N ="~y AT (y) V

JyFz(Sent g, (y) A Sent ozt (2) AT =TCAYy~"AN Iz~ A Ty 1 (y) A Tyt (2)) 3
5. TgZF[(’_¢_') Def. Ty, 4
6. Y —= Tgn () 1-5

The case for conjunction can be proved in a similar fashion. Try to prove it!

Va(Tey(x) = Sentg,(x)) follows directly from the definition of T'w,.; and that of Sent.e, ;.
O

2.2 Truth for a very simple language

Let Zs be a first-order language whose non-logical symbols are two individual constants n and
m, intended to denote Norbert and Mitch, resp., a monadic predicate P intended to express
the property of being a philosopher, and a binary relation symbol H intended to express the
relation of begin the human of. Let ,,S”ZSF extend %2F with an individual constant a to denote
Norbert, b to denote Mitch, p for the set of philosophers and h for the set of order pairs s.t. the
first component is the human of the second one. We define truth for .Zs| in ZFg, an extension
of ZF with adequate definitions/axioms for the new vocabulary, as follows:

Tys1(x) “ger (x=m=n"Aa=a)V(rz=n=m'Aa=b)V(z="m=n"'Ab=a) V
(x="m=m'Ab=b)V(x="Pn'ANa€p)V(x="Pm'AbEp)V

(x ="Hnn'A{a,a) € h) V (x ="Hnm' A {(a,b) € h) V

(x ="THmn' A (b,a) € h) V (x = "Hmm" A (b,b) € h) V

Fy(Sentzs)(y) N ="~y ATy (y) V

JyFz(Sent.oy(y) A Sentgg(2) Az ="TC~Ay~"AN~z~ATTA Ty 1 (y) A Ty (2))

Proposition 4. The following are theorems of ZFg:
o Ty 1 ("0") <> p, for every sentence p € Ls|
o Va(Tyy (z) — Sentyy(z))

2.3 Truth for a restricted arithmetical language

Since %pa contains complex terms, we need to take a detour. We extend .ZzF with ‘0’, to
denote 0, ‘fs’, for the function that maps each natural number to it’s successor, ‘f;’ for the

?Note that v is —x.



one that maps every pair of natural numbers to their sum, and ‘ f’ for the one that maps them
to their product. Accordingly, we recursively define, in an extension ZFpa of ZF with the usual
definitions/axioms for the new symbols, a function val that assigns to each closed term of Zpa
a value, as follows:

e val("0") = 0;

o YV (CTermg, (x) — val("S~x) = fs(val(x)));

o VaVy(CTermg,,(x) N CTermg,, (y) — val(x~"+'~y) = fi(val(x),val(y)));
o VaVy(CTerm.g,, (x) A CTerm.g,, (y) — val(x~"x"~y) = fy (val(x),val(y))).

Now we are in a position to define truth for Zpa[ in ZFpa:

T (x) raey yFz((Ctermagpy(y) A Cterm g, (2) Az = y~"="~z Aval(y) = val(z)) V
(Senti’pﬂ(y) Nx ="~y A _‘TS’PAF(:‘/)) \
(SentprF(y) A Sent!fPA[(z) Nx = F(T,\y,\r/\“l,\Z,\F)“I A Ti”PAf(y) A TfPAf(z)))

Proposition 5. The following are theorems of ZFpa:
o Ty (") < @, for every sentence ¢ € Zpal
o Va (T, () = Sent g, (x))

2.4 Truth for the language of arithmetic
We define truth for %pa in ZFpa as follows:

Ton(x) aer Iy3z((CTermg, (y) A CTermgpA( YAz = y~"="~z Aval(z) = val(t)) V
(Sent.gz, (y) Ao = "=~y N =T, (y)) V
(Sent g, (y) A Sent o, (2) N = T ~y~TNI~2AIA Ty (y) A Tigon (2)) V
(Var(y) A Sent. g, (s(z, 00, y)) Az =V'ay~z A
Vw(Cterm g, (w) = T, (s(z,w,9)))))

Proposition 6. The following are theorems of ZFpa:
o Ty, (") < @, for every sentence ¢ € Zpa
o Vr(Ty, (x) = Sent., (z))

2.5 Truth for the language of real anaysis

Since the quantifiers in %ga are intended to range over non-denumerably many objects (the
natural numbers), using the substitution function s will not do. We need to take a detour via
assignments and satisfaction.

Expand Zz¢ with ‘R’, to denote the set of real numbers, ‘0’, to denote 0 (€ R), ‘1’, to denote
1 (e R), ‘f4’, for the function that maps every pair of real numbers to their sum, ‘fy’ for the
one that maps them to their product, and ‘<’ for the set of ordered pairs of real numbers such
that the first one is smaller than the second one. Let ZFgra extend ZF with definitions/axioms
for the new symbols.



An assignment for Zrpa is a function o : {z : Terme, (x)} — R (it assigns members of R to
each term of Zga) s.t.

o Vx(Var(z) = o(zx) € ) (this is redundant)
e s(0)=0A0(1") =
o VaVy(Term.g, (x) A Te?"mfm(y) — o(z~T+1~y) = fi(o(z),0(y))):
o VaVy(Termg, (x) A Termg, (y) = o(@~"x~y) = fx(o(z),0(y))).
The property of being an assignment for Zrp is definable in ZFga, say, by the formula A 4, (v).
We define satisfaction of a formula of Zra by an assignment in ZFga as follows:
Sat g, (T,0) raef Formag, (x) N Ag, (o) A
FIz((x =y~"="~zA0(y) =0(z)) V
xr = yﬂr<7mz No(y) <o(z) V
x ="~y A _‘SG‘tfRA (yv ))
x ="(~y~"AN 2z~ A Sat 4., (y,0) A Sat g, (2,0)) V

(
(
(
(z=
Vo'V ((Age, (0) A Var(w) A o(w) # o' (w) = w=1y) = Satg, (2,0))))

Now we are in a position to define truth of a sentence of ZRra in ZFra:
TL”RA (:U) rdef SentafRA (ZC) A vO'(A@?RA (U) - SatﬁfRA (m, U))

Proposition 7. The following are theorems of ZFgra:
o Ty, (") & ¢, for every sentence p € Lra
o Vur(Tg, () — Sent s, (x))

2.6 Truth in a model for arbitrary languages

Let £ be a first-order language. A model of £ is an ordered pair M = (d,Z), in which d
is a non-empty set, the domain of the model, and Z is an interpretation function. It assigns
an interpretation to every individual constant, function symbol, and relation symbol of .Z as
follows:

e if ¢ is an individual constant of .Z, Z("¢") € d;
e if f is an n-ary function symbol of &, Z("f") is a function from d" to d;
e if R is an n-ary relation symbol of ., Z("R") C d".

We can easily define models in .%%F, say, by the formula Model(v). Models are set-theoretic
structures.

A wvariable assignment o in M = (d,T) is a function o : {z : Termg(z)} — d s.t.
e if ¢ is an individual constant, o(c) = Z(c);
o if t1,...,t, are terms of 2, o (fI*(t1,...,tn)) =Z(f7)(o(t1),...,0(tn))-

The property of being an interpretation function assignment in a model M of £ is definable
in %%F, say, by the formula A (v,u). We define satisfaction of a formula of .# in a model by



an assignment in ZF as follows:

Saty(z, M, 0) <>gegFormg(xz) N Model (M) N Ag(M, o) A

.V Hy]_ N
FyIz((z = y~"="~z Ao(y)

(r =

Fyp(z = "RI~y1~. ..
=o0(z)) V
T~y A =Sat e (y, M, o)) V

~yn Ao(yn) - o(yn)) € ZORT)) V

(x ="C~y~"AN~2~A Sat ¢ (y, M,0) A Sat (2, M,0)) V

(x =V'ry~z A
Vo'V ((Ag(M,a") A Var(w) A

The definition contains a disjunct
Fyy ... Jyp(z = "R ~y1~ ..

“Yn

for each m-ary relation symbol R} of Z.
symbols.)

AN o(yr) .- oy

(Recall .Z always contains finitely many relation

o(w) # o' (w) = w=1y) = Sate(z,M,d"))))

n)) € Z('R;™))

We now define truth-in-M of a sentence of £ directly in ZF, as follows:

Ty (x, M) <>g4ep Sent(z) N Model(M) ANVo(Agp(M,0) = Sate(x, M, o))

The following are (more familiar, sloppy) notational variants of the definitions of satisfaction

and truth in M just given:

M,O":g0<—>def. R /\<0’(t1)...7
(8 = t) o(s)=0o(t)) Vv
=Y AM,0cEY)V

V(=
(p:=
(¢
(p:=
(p:=

= Vo AVo'Vu((Var(u) A

o(tn)) € T(R}')) V

(WAX)AM,cEYDAM,cEX)V

o(u) #0'(u) = u=v) = M, 0’ Fy))

ME @ ey Vo M, o E o A Senty(p)

Existential quantifiers are implicit, and schematic letters such as M, o, ¢,t, and R} are em-
ployed as variables, to indicate the kind of object they range over. We adopt this notation in

what follows.

Since every model M =
translation 7o : & — ZZF:
o :m(c) :=I(c);
o Tr(V) =y
o T (fl (e, -,

tn)) == Z(f")(Tm(tr), ...,

) = (Tam(tn), s T
o Tm(mp) == —Ta(p);
o TM(p A1) i= Tam(p) A Ta(¥);

o TM(R?tl,...

10

TM(tn))§

(d,T) of £ is an interpretation of £ in %%, it induces the following

tn)) € Z(R});



° TM(V’U(p) = VU(’U cd— TM((P))

Proposition 8. The following are theorems of ZF:
o (ME )< Tmlp), for every sentence ¢ € L
o VaVM(Ty(x, M) — Sent.(z))

We can define semantic consequence and logical truth in terms of models and our definition of
truth-in-a-model, as follows:

p € Z is a semantic consequence of ' C .Z (T F ¢) iff, for every model M and assignment o
in M, if M,o E ¢ for every ¥ € ', then M, 0 F ¢.

p € Z is a logical truth (F @) iff, for every model M, M F .

Theorem 9 (Soundness and Completeness). Let ' C % and ¢ € L. Then, ' @ iff T E .
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